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'Effect of Nose Shape on Three-Dimensional ‘Streamlines
and Heating Rates
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A new method for calculating the three-dimensional inviscid surface streamlines and streamline metrics using
Cartesian coordinates and time as the independent variable of integration has been developed. The technique
calculates the streamline from a specified point on the body to a point near the stagnation point by using a
prescribed pressure distribution in the Euler equations. The differential equations, which are singular at the
stagnation point, are of the two-point boundary-value-problem type. Laminar heating rates are calculated using
the axisymmetric analog concept for three-dimensional boundary layers and approximate solutions to the
axisymmetric boundary-layer equations. Results for elliptic conic forebody geometries indicate that the location
of the point of maximum heating depends on the angle of attack of the conic and the type of conic in the plane
of symmetry. This location is in general different from the stagnation point. The new method was found to give
smooth predictions of heat transfer in the nose region where previous methods gave oscillatory results.

Nomenclature

= conic section principal axis in x direction
= conic section principal axis in y direction
= conic section parameter, b%/a?
= conic section parameter, b?/c?
= coefficient of pressure
= conic section principal axis in z direction
= unit vectors in streamline coordinate system
= equation of surface in Cartesian coordinates
- (Monge’s form)
= equation of surface in Cartesian coordinates
= streamline metric, normalized by R,
= heating rate integral defined by Eq. (gZ)
= unit vectors in Cartesian coordinate system
= Mach number
= normal coordinate direction, normalized by Ry,
= static pressure, normalized by p. V2
= heat transfer rate
= nose radius of curvature in x-y plane of symmetry
= cylindrical coordinate, normalized by R,
= streamline coordinate direction, normalized by
R,,
t = time variable, normalized by Ve/Rp,
u,v,w = Cartesian velocity components, normalized by V.,
= velocity vector, normalized by V,,
= Cartesian coordinates, normalized by R,,
= angle of attack, deg
= coordinate normal to streamline on body surface
= ratio of specific heats
= time step, normalized by V/R,,
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€ = y coordinate measured from stagnation point,

normalized by R,
p = density, normalized by po.
¢ = cylindrical coordinate, deg
v = body angle defined by Eq. (18), deg
Subscripts
d = value at initial downstream point

i = spatial step

n = value at nose point of surface
0 = value at point nearest stagnation point
ref = reference value

stag = value at stagnation point
wall = value at the wall

y = derivative with respect to y

z = derivative with respect to z

B = derivative with respect to 3

) = freestream value

Superscripts

n = iteration level

’

= first derivative with respect to time

Introduction

HE renewed interest in the area of hypersonic aerody-

namics has brought forth the need for low-cost, approxi-
mate methods to be used in the prediction of surface heating
rates. Engineering codes of this type are used in preliminary
vehicle design studies and spacecraft trajectory analysis appli-
cations. These methods provide multiple parametric studies
where the use of more complex computational fluid dynamics
(CFD) codes is impractical.

The computational effort required for the solution of the
three-dimensional boundary-layer equations can in general be
quite extensive. However, significant reductions can be made
by using the approximate ‘‘axisymmetric analog’’® concept!
where the three-dimensional boundary-layer equations are
written in streamline coordinates and the crossflow velocity is
assumed to be negligible. The three-dimensional equations are
then identical to the axisymmetric form of the equations at
0 deg angle of attack provided two assumptions are made: the
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streamline distance is interpreted to be the surface distance
along an ‘‘equivalent body,’’ and the equivalent body radius is
represented by the streamline metric.

Two methods have been used for solving the streamline
equations. The first way is to determine the streamlines from
a prescribed pressure distribution on the surface of the body in
question. Both first and second derivatives of the pressure are
required to obtain the streamline metric, which is a measure of
the convergence or divergence of adjacent streamlines. An
alternate method employs inviscid velocity components to de-
termine the streamlines. Typically, these velocity components
are obtained from a CFD solution of the Euler equations.
First derivatives of the velocity components are needed for this
method to determine the streamline metric.

An approximate method was developed in the early 1970s
by DeJarnette and Hamilton.? Versions of this code, known
today as AEROHEAT or NHEAT, calculate the laminar and
turbulent surface heating rates on three-dimensional configu-
rations at an angle of attack using the axisymmetric analog
concept. Surface streamlines are traced from a point in the
stagnation region using a space marching technique and a
known surface pressure distribution. One of the undesirable
features of this procedure is that the streamline required to go
through a specified point downstream must be determined
iteratively.

The streamline equations are singular at the stagnation
point where the velocity is zero. Therefore, integration of the
necessary equations must begin a finite distance away from the
stagnation point and result in heating-rate oscillations in this
region. Thus, initial conditions at this point must be derived
from approximate relations which were found to be inaccu-
rate. Another difficulty encountered is integrating through the
nose point using cylindrical coordinates where the radius goes
to zero and the ¢ coordinate is discontinuous. At angle of
attack, particularly for long slender bodies, streamlines tend
to cluster near the leeward plane of symmetry. As a result of
this characteristic, a. uniform heating distribution is not pro-
vided in regions of interest or at specific user supplied points
downstream without multiple runs of the code.

Other investigations have made use of pressure distributions
to determine the streamline paths and metric coefficients.
Leigh and Ross?® investigated three different methods for solv-
ing the streamline geometry on sphere cones at an angle of
attack: geodesic, steepest-descent, and pressure. They em-
ployed both the modified Newtonian pressure distribution and
an analytic sine-variation method due to Berman.* The numer-
ical integrations performed were of the shooting-method type.
Vaglio-Laurin® also employed a shooting method by tracing
out streamlines from points enclosing the stagnation point by
determining initial values of the velocity direction on a curve
adjacent to the stagnation line. VollmersS obtained the stream-
line patterns in cylindrical coordinates by using a shooting
technique to solve for the angle between the streamline and a
line of symmetry. An initial value of the angle was assumed at
a point downstream and the first-order ordinary differential
equation was numerically integrated upstream toward the
stagnation point.

Hamilton et al.” proposed several new ideas to circumvent
many of the aforementioned problems. Instead of using the
pressure technique, an approach employing the inviscid sur-
face velocity components was used since only first derivatives
of the velocity components are required to calculate the
streamlines and metric. The HALIS code,® a three-dimen-
sional time-dependent solution of the Euler equations, is used
to obtain the inviscid solution and is run on a vector proces-
sing machine. The first derivatives of the surface velocity
components were generated numerically. Similar investiga-
tions using inviscid flowfield solutions to calculate the stream-
lines have been performed by other investigators.®-12

Typically, small spatial step sizes are required when inte-
grating near the nose point or stagnation point due to the
indeterminacy of the streamline equations. Hamilton intro-
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duced a “time-like”’ variable of integration 7 defined by

ds
—= =V
dr r

where s is the surface distance along the streamline, V the
velocity, and r the body radius. One can begin at some point
just downstream of the stagnation point at 7 = 0 and integrate
toward the stagnation point. The actual stagnation point (7—
— o0) cannot be computed numerically since ¥ = 0 there, but
one can get as close as desired. Similarly, when computing the
leeward plane of symmetry streamline, 7 approaches + oo at
the nose point. Consequently, a streamline that passes very
close to the nose point and the leeward plane of symmetry is
computed instead of using the time-like integration. Finally,
spatial integrations are used in regions of nonsingularities.
However, the major drawback of the method’ is the computa-
tional effort needed to compute the inviscid solution. The
extensive CPU time necessary to execute HALIS is an
unattractive option for fast, approximate methods.

The method of solution for determining the streamlines
differs for the velocity and pressure methods. The streamline
equations employing the velocity components are first-order
differential equations and can be solved using a marching
procédure. The initial conditions to determine a streamline
that passes through a prescribed downstream point are un-
known for a marching procedure. However, the streamline
and metric equations using the pressure are second-order dif-
ferential equations and are of the two-point boundary-value-
problem type.

This paper develops a new method for the calculation of
three-dimensional surface streamlines and metrics and is based

- on the work of Ref. 13. Employing the pressure technique

eliminates the need of using a full flowfield solver to deter-
mine the inviscid velocity components and therefore reduces
the computational time. The modified Newtonian pressure
distribution is used in this investigation for simplicity only to
illustrate the use of this method, although a more accurate
pressure distribution can be used instead. In addition, the use
of Cartesian coordinates instead of cylindrical or spherical
coordinates eliminates the problems at the nose point. A sig-
nificant feature of the method is that time replaces streamline
distance as the independent variable of integration. An investi-
gation of the effect of the forebody geometry on laminar
heating rates is made using this new method.

Streamline Equations

To calculate the streamline geometry, begin with the Euler
equations that govern the flow of an inviscid, nonconducting
gas:

DV vp

T, ON

where D/D¢ is a derivative along a streamline. Nondimen-
sional variables will be employed such that all length scales
will be normalized by R,, , the nose radius of curvature in the
x-y plane; the velocity by V.; the pressure by po, V2; and the
density by p... In Cartesian coordinates (see Fig. 1), the veloc-
ity is given by

Dx . Dy. Dz .
V= Ves~ut+v1+wk=az+—1+ﬁk 2

and the equation of the surface is represented by

Fx,y,2)=f(0.z)—-x=0 3)

It should be noted that the equation of the surface may not
always be expressed as a single variable explicitly in terms of
the other two independent variables. However, there is no loss
in generality in using x = f(»,z) since derivatives of f can be
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Fig. 1  Elliptic conic forebody geometry and coordinate system.

expressed as functions of F, i.e.,

It is advantageous to use ¥ and z as independent variables on
~ the surface since all derivatives of f are either finite or zero at
the nose point. From Eq. (3), the first and second derivatives
of x can be determined in terms of y, z, and their derivatives
with respect to time.

Dx
Dt =4 =ty
Dx Du D%y 2
+
D2 Dt fyDtZ sztZ f”[ ]

D 2
2] a2

The pressure is considered as a function of y, z, and n (normal
distance). Each component of Eq. (1) can be written in terms
of the preceding variables where # = 0 on the surface.

@

Dx__mip S
D2 o on ©)
D%y ap ap
D2 [ay " on 0
D?*z 1| ap p
D2 [6z e ®

The body normal (outer) is defined by

. VF .. =i+ Stk
e,,-—lvFl—nxz+nyj+an— FYEy: ©)

The set of Eqgs. (6-8) can be reduced to two equations on the
surface by substituting for D%x/D¢? from Eq. (5) and dp/dn
from Eq. (6) into Eqgs. (7) and (8). The result is

Dy A [P 2445 [Dy][Dz
Dz? IWFI2 | Dt I vFI? D¢

ol3l

D¢ vaF12 [fyfza — A+ ](IO)
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Dz _ffy [Dy] e [Dy] [p_z]
D2 IVFI2 | vF|? Dt

£t D2
INEZ4E [DJ +pIVFl2 [fy 3y

|VFI2=1+f2 + 12 (12)

I¢)
—q +f3)5’§] 1)

where
It is noted that Egs. (10) and (11) are second-order, nonlinear

differential equations in the coordinates y and z and involve
first and second derivatives of the body geometry and first

derivatives of the pressure on the surface.

“""To work with dependent variables that go to zero at the
stagnation point, employ the following change of variable:

€E=Y — Vstag (13)
and rewrite Eqs. (10) and (11) as

D2 D%z
—D—‘t—z =A, and EE =B 14)

where A and B are defined by the right sides of Eqgs. (10) and
(11). Also define

De Dz
= e’ d p— ’ 1
Dt =€, an Dt z (13

Since the differential equations are second order, two
boundary conditions are needed to obtain a solution, one at
the selected downstream point and one near the stagnation
point. The downstream point is chosen at time # = 0, thus the
stagnation point is located at time # — — oo since V' = 0.at the
stagnation point. This result follows from the definition of the
time variable used: '

Ds

Dt (16)

Use of time instead of distance s as the independent variable
allows the stagnation region to be magnified relative to time.
However, to integrate to f = — oo is numerically impossible.
As a result, integration to a point very close to the stagnation
point will be performed. The boundary condition at that point
must be determined carefully since the coordinates are not
known a priori.

Surface Pressure Distribution

The modified Newtonian pressure distribution will be as-
sumed on the surface of the geometries considered to illustrate
the streamline and metric calculation method, although any
other analytic pressure distribution could be employed. The
nondimensional pressure distribution is governed by the fol-
lowing relation:

P =Pu+ Gy, sin®¥ an

‘where
sin¥ = —V, 8 s
Vo = (cos o 1 — sin a f) 19)

The stagnation point is located at ¥ = x/2. For the shadowed
region, where ¥ <0, the pressure is assumed to be equal to the
freestream value.

An alternate pressure distribution developed by Love et al.!4
involving the use of a ‘‘sin-deficiency method” was also
considered for the calculation of heating rates on spherically
blunted wide angle cones at 0 deg angle of attack where the
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sonic point occurs at the base. Results employing this pressure
distribution are presented in Ref. 13.

Elliptic Conic Forebody Geometry

An elliptic conic forebody geometry was considered in this
investigation. The equation for this geometry is given by the
following (see Fig. 1):

y:+e@z%= 2R, x—byx? (20)

The nose radius of curvature in the x-y plane of symmetry R,,
is
R, =b*/a

Solve for x and nondimensionalize all lengths by Ry, t0 obtain
x=f(z)=— [(I—VI—by(yZ+Gzz)], b, #0 (21)

and
yz + (‘322

x=f@2)="——, by=0 22)

where b2 b2
)y = ; and C=—

The parameters a, b, and ¢ are the principal axes of the elliptic
conic in the x, y, and z coordinate directions, respectively. All
of the conic sections with elliptical cross sections can be de-
scribed by this equation. An ellipsoid results when b, is posi-
tive, a hyperboloid when b, is negative, and a paraboloid when
b, is zero. A spherical geometry is the axisymmetric case of the
ellipsoid where b, = C = 1.

The expression for sin ¥ for an elliptic conic geometry using
Eqgs. (9), (18), and (19) is

cos eVl — b, (32+ CzH) + ysin o

-
= T+ A - b2+ C€ - b)2?

(23)

Stagnation Region Boundary Conditions

To determine boundary conditions for the stagnation re-
gion, a limiting form of the streamline equations is derived.
The intent is to reduce Eqs. (10) and (11) to forms accurate to
second order terms. The terms on the right sides of Eqs. (10)
and (11) are expanded by a Taylor series in four 1ndependent
variables: ¢, z, €', and 7’

The pressure is dependent on ¢ and z only. It is noted that
the first derivatives of the pressure are zero at the stagnation
point. Then retaining only the terms up to second order in ¢
and z results in the following expressmns for the pressure
gradients:

2-(52)..332)., 2oz,
— = e+l — €+ - z 24
55 " \57 e S T 2\ e ¢ T2\ 3p008 gt PP

and
ap 321)) < ¥p ) ‘
LL(E + 25
9z (622 stagz Y027/ sag «“ @3)

Expansions of the respective coefficients of the pressure gradi-
ent and velocity terms are also performed in a similar fashion.
Substitute all terms into Eq. (10) to get

D2 ,
D2~ W + € + a2t ay e’ apz’? (26)
Similarly, Eq. (11) reduces to

D%z

W =~ Q.2 + Qy €3 (27)
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where the coefficients of ¢, z, ¢’, and z’ are functions of
Chstags Pstags 0> by, and C.

Equations (24-27) can be integrated analytically to second-
order accuracy for the region very near the stagnation point.
Approximate expressions for e and z can be determined sub-
ject to the following boundary conditions:

e(t——®)=0, e(t =t;,)=eo

and

Z(t—~0)=0, z(t=1)=3
The location of the point (e,,z,) is not known initially and is
determined by the solution procedure.

First-order solutions to the homogeneous parts of Eqs. (26)
and (27) are

e = e,exp [Va,(t — 1,)] (28)
and
z = z,exp Ve (t ~ 1,)] 9

Substitute the homogeneous solutions into the nonlinear terms
of Egs. (26) and (27) and solve the resulting differential equa-
tions by the method of variation of parameters to get

ez(eo—£-6§ ~CA )exp[\/_(t—to)]

+-——=eexp 2 VA (t - 1,)]

34
+ -é _ z2exp [2VD( ~ 1,)] (30)
4D-A™° .
and
( £ )e WD (¢ - t,))
CE\® T VA £ 4 ) TPNEN TR
E <
N Y eozoexp[(\/_ A +D) (t - 1,)] 3D
where
A=a, B=a,+aa,,, C=a,+aa,,

D=a,, E=a,

Differentiate Eqs. (30) and (31) to get approximate relations
for the e and z components of velocity, respectively, at ¢ = ¢,:

De = B , c )
— =V Tr=¢6 vt T 32
Dt VARt T B+ VA 2 32)
and
Dz - E
— =V + == 33
Dt = VP2 T TR g % ®3)

where Eqgs. (32) and (33) will be referred to as the stagnation
region boundary conditions for the streamline equations. It is
again reiterated that these expressions are only valid near the
stagnation point of an elliptic conic forebody geometry.

Solution Procedure

The resulting differential equations, Egs. (10) and (11), are
of the two-point boundary-value-problem type, therefore, a
numerical marching procedure toward the stagnation point is
not possible. Instead the streamline equations will be solved
using a fully implicit, finite différence algorithm: Because of
the nonlinearity of the equations, the solution of these equa-
tions will require an iterative procedure. Since A and B are
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functions of ¢, z, ¢’, and z ', apply a Newton-Raphson quasi-
linearization technique’® to obtain

a-l

D_ZE—A_Fa_‘Zl. z a;l ) 3 a/-l ’ -7
D2 T e 7z o’ )
A
+a—_—(z -2’ (34)
Dz _ 6‘ dB
W—B (e—e)+a_ z- Z)+ (e —€’)
oB .
+— ' -z (35)

where the barrcd quantities are evaluated at the previous itera-
tion level. As convergence is achieved, all but the first terms in
each equation vanish and the right-hand sides approach their
exact values. The partial derivatives of A and B are deter-
mined numerically with second-order differencing, although
they could be determined analytically for the pressure distribu-
tions considered. For example,

04  A(e+Aez,e’,2") —A(e— Aez,e’,2”)
de 2A¢

where .
Ae = 0.000016, e>0

Ae=0.00001, =0

The numerical derivatives were found to compare with the
analytic derivatives to at least four decimal places.
Also, - using a second-order central difference approxima-
tion to the temporal derivatives, the following finite difference
form of the e-streamline equation in block tridiagonal form is

obtained from Eq. (34):
[2 + (At)z(a_A_> ]E;H— 1
de i

At 3A\"
] —— n+1
[ 2(«%').-]6“‘
a_A>" ol A_t<aA>" 2
ae, ; i+ 1 2 aZ’ ; i—1
’_Atz aA n+1 2 aA " n+1
12 az>]z"‘_ A oz, P
TEA%
12 (g |
1
' 04 \» aA\"
=@2lar-(=—)e-(—])z
ol ar- (32 (5)=
34 \" 34 \"
(g) (€1~ 61—1)"' ((")z > @' - Zi"—l):l
l

(36)

+
| B
TN

where
t= — EAI‘,‘
i

"The subscript i is equal to 1 at the downstream point and
increases toward the stagnation point. Typically, 150 to 200
points were used to calculate a streamline.

An equation of similar form is obtained for the z- -streamline
equation from Eq. (35) by switching e and z and replacing A
with B. Equation (36) uses a constant and positive time-
step At. The use of a constant Af produced a clustering of the
streamline coordinate points near the stagnation point and
placed few points in the downstream region. This clustering
was necessary- for computing accurate heating rates in the
stagnation region.
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The stagnation region boundary conditions, Eqgs. (32) and
(33), are quasilinearized where necessary and then differenced
about the midpoint of the two points nearest the stagnation
point. The resulting finite difference approximations only in-
volve terms of ¢ and z at the two points nearest the stagnation
point and form the final two equations in the block tridiagonal
matrix. :

As discussed, the solution to the streamline equations is
iterative and therefore an initial distribution of ¢ and z is
required. The stagnation region equations will be applied
throughout the region from the stagnation point to the pre-
scribed downstream point to provide an approximate initial
distribution. Replace the subscript o with d in Eqs. (30) and
(31), where the subscript d represents the selected downstream
point where ¢; = 0 and apply the expressions in the interval

t,<t<0=t,
where

b = — (imax)At
The resultlng expressions were found to give an-acceptable
initial guess for the streamline solution and to speed conver-

gence considerably. Each iteration gives ¢;"*! and z;"*! for
i =1 to imax.

Metric Calculation

Once the streamline geometry has been determined, the
streamline metric can be calculated. Let R, be the position
vector for any point on the body.

Ry =i+ yf + 2k = fO,2) + 3] + 2k 37

and . ‘
dR, = (fyi + ) dy + (fif + k) dz (38)
The surface coordinates y and z are now considered to be
functions- of new independent variables ¢ and S, where
B8 = constant along a sfreamline. The. differential arc lengths
along a streamline and in the 8 direction along the surface are,
respectively, V dt and ~dB. The metric. 2 will be needed later
for aerodynamic heating calculations. Then

dR, = Vdté, + hdpés (39
where & is the unit vector along a streamline, é; is the unit
vector tangent to the surface but perpendicular to & and é,,

and é, is the unit vector normal to the body surface. Equating
the right sides of Eqgs. (38) and (39) gives

Vdeé, + hdBeés = (f,i + /) dy + (ff + k) dz (40)

Since # is constant along a streamline

B2
at)g Dt
Equation (40) then gives

Ve, = (fi +))

2 2
@63 e

Therefore take the cross product of Eq.'(41) with Eq. (9) to
obtain an expression for ég

1
AP .
BEE X =Yg {(th fyDt)

Dy ~ -~ Dz
2P+ Ry = 41
o TR, @D

where
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Dz Dz

[fz<y t Dt) Dt]

D
oz e

Take the dot product of j with Eq. (40) to get
Vdeé, -+ hdBés-j = dy (44)
and the dot product of £ with Eq. (40) to obtain
Vdié -k +h dBég -k = dz (453)
Combine Eq. (44) with Eq. (45) to eliminate Vdt,
hdBI(&; - /)(és - k) — (& - k)(és )]
=& -jdz - & - kdy (46)

Using the unit vectors é; and. &g, it can be shown that
@ 75 B) ~ @ - D@D = o @
s *JN€g s 8 J)= |VF
Then Eq. (46) becomes

nag — \YE! [

- dz -2y } 48)

Dt

Since y = y(¢t,8) and z = z(¢, 8), then

Dy, o
dy-Dtdt+aBdB 49)
and
Dz
dz = D dr + B dB (50)

Substitute Eqs. (49) and (50) into Eq. (48), equate the coeffi-
cients of dB, and substitute de for dy to obtain the equation
for the surface streamline metric 7:

h=—
Dt 98 Dt B

| 4

{VFI| | De Dz o
[ cor Dz ] "

where the metric is a measure of the convergence or divergence
between adjacent streamlines. The velocity terms De/D¢ and
Dz/Dt are determined using second-order finite differences
from the streamline solution, and V follows from Eq. (42).
The remaining terms de/383 and 3z /38 must now be calculated.

Differentiate the streamline equations in Eq. (14) with re-
spect to 8 to obtain

D%, 0A D%2; 4B
% 92 d 4 _ 0B
Y D2 38 (52)

Boundary conditions at the downstream point are chosen such
that for a given axial location, the coordinate 3 is assigned for
a given streamline by its circumferential location, i.e.,

Ya =rgcos 3, Zq =rgsin G

Differentiate the preceding expressions for y,; and z; with
respect to 3 to obtain
€g, = — rqsin 3 + rg,cos 8 (53)
and
2, =T4c08 3+ rg,sin B (54)

where
2x; — byxg
Ta = V cos?B + @ sin?B (53)
and

o (1 - @)rysin B cos B
s =" 0528 + € sin2B

(56)

for an elliptic conic forebody. Substitute expressions for y,
and z; and Eq. (56) into Eqgs. (53) and (54) to get

et =0) = T
a = B =T 0528 + C sin?B
and
Zﬁd = Zﬂ(t = 0) = Yd

cos2B + € sin?B

These boundary conditions are not unique and could be deter-
mined by any consistent method of assigning § to the stream-
lines.

Differentiating the stagnation region boundary conditions
(32) and (33) with respect to 8 produces

Deg = 2C
b = VAot irpen s rR e O
and
DZB ZE
Y VD z5, + B 5T Gots. + €o%,) (58)

Equations (57) and (58) will serve as the boundary conditions
in the stagnation region.

Since A and B are functions of ¢, 7, ¢, and 2z, Egs. (52) are
written as

Diy_3A 04 34 a4
—B_ %2+ 59
Dz~ e BT o BT g0 Bt 5 9
D%; 9B aB 0B 9B
gt —— 25+ +— 60
D~ ae ¢ o BT 9 Y 50 €0)

The partial derivatives of A and B are the same as those found
in the streamline equations and evaluated using the converged
values of ¢ and z. By treating ¢z and zz as the dependent
variables and employing a second-order central difference ap-
proximation to the temporal derivatives, the resulting equa-
tions are linear in ¢ and z5. The equations can again be written
in block tridiagonal form and only one inversion is necessary
due to the linearity. The finite difference form of the equa-
tions is identical to the streamline equations (36) except that eg
and z; are the dependent variables and the right sides equal to
zero. Similarly, the finite difference equations for the stagna-
tion region conditions are the same as those for the streamline
equations except again with ¢; and z; as the dependent vari-
ables and the right sides equal to zero. The algorithm used to
solve the equations in block tridiagonal form is given in Ref.
16.

The variation of the metric along a streamline rather than
the actual magnitude of the metric is the important parameter
in the heating calculations. It will be shown later that only the
product 2V is needed for the heating calculations.

Aerodynamic Heating Considerations
Once the streamline patterns and metric have been deter-
mined for the geometry of interest, the heat transfer rates
along the surface can be computed. The basic axisymmetric
analog method as outlined in Ref. 1 is employed. The laminar



HASSAN ET AL.:

0.50
0.25 —
-y/Rn, |

0.00 |-

025}

O e

-0.50 -0.25 0.00 0.25 0.50
x/Rn

y

Fig. 2 Plane of symmetry geometry for AFE-like ellipsoid.

heat transfer equation given in Ref. 1 is

Gwanl_ _ (D/Psiag) Vh 61)
P [z<a+ (@) jip_ vie D}
Ve 387/ stagJ 0 Pstag

where for the modified Newtonian pressure distribution

G =R;/R,

<ﬂ/_7:> — _1_ ’2(pstag - pm)
as T/ stag R T Pstag

where Ry is the radius of curvature perpendicular to the plane
of symmetry and R, is the radius of curvature parallel to the
plane of symmetry, both at the stagnation point. Define the
-integral in the denominator as

and

‘P
I= S Vh? Ds 62
o P stag

where I'is identically zero at the stagnation point. However, to
be consistent with the time integration employed for calculat-
ing the streamlines and metric, substitute Eq. (16) into Eq.
(62) to get

)
I= j V2h2 Dt (63)
— o0 pstag

Integration of Eq. (63) can be performed using a fourth-order
Runge-Kutta method along a streamline by treating the inte-
grand of Eq. (63) as a differential equation, provided an initial
value is available. Remembering that integration of the
streamline equations is performed over a finite interval of time
t=t, and not to ¢t = — o, a value for I(f =1,) must be
determined.

From the equation for the metric (51), the product AV can
be determined. Approximate relations for ez and z; can also be
determined by differentiating Eqs. (30) and (31) with respect
to B. Substitute the approximate expressions for eg, zg, €', 2’
and first-order Taylor series expansions of the gradient of the
body geometry and the pressure term into Eq. (63). Integrat-
ing the resulting expression gives an initial condition for the
integral that is accurate up to second order. It was necessary to
retain the second-order terms to achieve the desired accuracy
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in the stagnation region. Details of this procedure are given in
Ref. 13.

Results and Discussion

Attention has been given lately to blunted hypersonic re-en-
try vehicles and the levels of heating that occur on these
three-dimensional geometries. Vehicles of interest include the
National Aero-Space Plane (NASP), the Personnel Launch
System (PLS), and the Aeroassist Flight Experiment (AFE).
Segments of the forebodies on these and other proposed vehi-
cles can be modeled by simple three-dimensional conics.

In this section, discussion will focus on the trends of the
laminar surface heating rates and the streamline geometry.
Heat transfer calculations will be made employing the axisym-
metric analog for three-dimensional boundary layers. Modi-
fied Newtonian pressures are used to illustrate the behavior of
the maximum heating location. A more accurate pressure
distribution could affect the precise location and level of heat-
ing. Results will be presented for several elliptic conic forebod-

ies and heating-rate comparisons will be made to the method

employed in Ref. 1.

For these calculations, a nondimensional time step of 0.01
was used. Typically, convergence of a single streamline was
achieved in 5 to 10 iterations, or 0.0289 CPU s/point for a
streamline and heating calculation on a Sun Microsystems
SPARCstation 2.

Plane of Symmetry Surface Heating Rates

Previous work has shown evidence of maximum surface
heating rates occurring away from the stagnation point on
various blunted forebodies. A classical example of this phe-
nomenon was demonstrated by Kemp et al.'’ on a flat-nosed
body with rounded corners. This occurs because the maximum
velocity gradient is at some point other than the stagnation
point and is a result of geometry or angle of attack. Gnoffo,'
using an upwind, perfect-gas relaxation algorithm, showed for
the AFE vehicle!® that maximum heating did not occur at the
stagnation point. These results were substantiated by the ex-
perimental data of Micol® on the same vehicle. The forebody
of this vehicle is defined by an ellipsoid and is described in
detail in Ref. 19. To determine the effect of the forebody
geometry on the stagnation region heating, laminar heat trans-
fer calculations are made on various elliptic conics.

The controlling parameters in defining a particular elliptic
conic are b,, which defines the type of conic section in the
plane of symmetry, and C, the square of ratio of the principal
axes in a cross-sectional plane, as shown in Fig. 1. All cases to
be presented are investigated at a freestream Mach number of
10 and assume a perfect-gas equation of state.

Initially, a comparison is made to the previous method
described in Ref. 1. As discussed earlier, inaccurate approxi-
mations were made when determining the initial conditions of
the shooting technique. These inaccuracies caused oscillations
or discontinuities in heating rates near the stagnation point,
especially for nonspherical nose geometries. This effect and
the improvements made by the present method are illustrated
on a highly elliptic nose similar to that found on the AFE
vehicle. The nose is defined by an ellipsoid with parameters
b, =4.0 and € = 0.658 as shown in Fig. 2.

In Fig. 3, the heat transfer rate, nondimensionalized by its
value at the stagnation point, is plotted vs the nondimensional
wetted surface distance measured from the nose point of the
forebody. This case is for a 0 deg angle of attack. In compar-
ison, we see that both methods compare very well away from
the stagnation point. However, oscillations are produced at
the stagnation point by the NHEAT code, whereas smoothly
varying heating rates result from the present method. These
effects can easily be seen in the expanded view of the stagna-
tion region in Fig. 4.

Another noticeable phenomenon produced by both codes
(not considering the oscillations of the NHEAT code) is that
the location of maximum heating is away from the stagnation
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Fig. 3 Plane of symmetry heating comparison for AFE-like ellip-
soid.
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Fig. 4 Expanded view of plane of symmetry heating comparison for
AFE-like ellipsoid.

point. The point of maximum heating occurs at an s/Ry, of ‘

about 0.3. This effect was discussed earlier in this section in
regard to the AFE vehicle. Since the nose is highly elliptic in
the plane of symmetry, i.e., b, = 4.0, the flat nose configura-
tion of Ref. 17 is being approached. This occurrence of maxi-
mum heating away from the stagnation point for o =0 deg
was seen for values of b, greater than about 3.6 and is more
pronounced for higher values. Subsequent cases will further
illustrate this effect.

Next a parametric study is made to see the effect of the nose
geometry on the position of the maximum heating rate. Each
of the three conic sections, the ellipsoid, the paraboloid, and
the hyperboloid, with the sphere being a special case of the
ellipsoid, are investigated.

In Fig. 5, the ratio of the heating rate to that of a reference
value is plotted vs the nondimensional wetted surface distance
again measured from the nose point for the five different
values of b, examined. The reference heating value g, is for
a sphere with a radius of unity. Several observations can now

be made regarding the heating trends of elliptic conic forebod-
ies. Initially the cross sectional ellipticity € is held constant at
a value of 0.25 and the angle of attack is 20 deg. First, for
values of the conic section parameter b, equaling unity, a
sphere in the plane of symmetry, maximum heating occurs at
the stagnation point of the body. However, when the type of
conic in the plane of symmetry is changed from unity, i.e., the
spherical case, some interesting results are observed. For the
case where b, is greater than unity, it is observed that maxi-
mum heating on a blunt ellipsoid with b, = 2.0 occurs aft of
the stagnation point. This shape is similar to that of Fig. 2 but
not as blunt. Maximum heating tends to occur at points where
the curvature is rapidly changing because the maximum veloc-
ity gradient occurs there rather than the stagnation point. For
this case, this region is aft of the stagnation point.

Next we see quite the opposite trend for an ellipsoid with b,
less than unity. For this ellipsoid where b, = 0.5, the location
of maximum heating lies between the stagnation point and the
nose point. Again, this is the region of maximum curvature
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Fig. 5 ' Effect of conic section parameter b, on the plane of symmetry
heating.
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Fig. 6 Effect of cross-sectional ellipticity parameter C on the plane
of symmetry heating.
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Fig.8 Streamline geometry for ellipsoid with b, = 0.5 and € = 0.25.

for this body shape. However these effects are not exclusive to
ellipsoids but can also be demonstrated for both the hyper-
boloid and the paraboloid, which both have b, less than unity.
Like the ellipsoid with b, = 0.5, it is seen in Fig. 5 that the
point of maximum heating occurs between the nose point and
the stagnation point for both the paraboloid (&, = 0) and the
hyperboloid (b, = — 1.0).

The effects of cross-sectional ellipticity and angle of attack
are considered next. In Fig. 6, an ellipsoid with b, = 2.0 at an
angle of attack of 20 deg is investigated for three different
cross sections: € =0.25, 1.0 (axisymmetric), and 4.0. Values
of € less than unity but positive represent bodies with flat
cross sections whereas thin bodies occur for € greater than
unity. As expected, the point of maximum heating occurs aft
of the stagnation point for this case where b, is greater than
unity and the overall heating increases with increasing C. An
unexpected observation from this figure is that the location of
the point of maximum heating seems to be independent of the
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Fig. 9 Streamline geometry for ellipsoid with b, = 0.5 and C = 4.0.

elliptic cross-sectional parameter €. The same effect was ob-
served to occur for slender ellipsoids as well as hyperboloids
and paraboloids.

For an ellipsoid with b, = 2.0 and € = 0.25, the effect of
angle of attack on the surface heating rates is investigated in
Fig. 7. The plane of symmetry heating is plotted for a range of
angles of attack. It is observed that for the 0-deg angle-of-at-
tack case, the nose point, stagnation point, and point of
maximum heating are all coincident. However, as already
demonstrated, this effect is not necessarily the case for blunter
geometries. Finally, as the angle of attack is increased for this |
geometry, the point of maximum heating occurs aft of the
stagnation point, as noted in earlier cases.

Three-Dimensional Streamline Geometry

The effect of cross-sectional ellipticity on the streamline
geometry is investigated on an ellipsoid with b, = 0.5 and two
different cross sections at an angle of attack of 20 deg. First a
relatively flat forebody shape with € = 0.25 is demonstrated
in Fig. 8 for 20-deg angle of attack. The streamlines leave the
stagnation region in a much different manner than the sphere
case where the resulting streamlines emanate radially from the .
stagnation point and form great circles around the sphere. All
streamlines tend to approach the stagnation point asymptoti-
cally along the 8 =90 deg streamline once in the stagnation
region. It is seen that for this angle-of-attack case, the stream-
lines tend to group toward the respective planes of symmetry
in the downstream region.

However, for the case of a relatively thin body where
C = 4.0, the streamline patterns have a different character. It
is seen in Fig. 9 that the streamlines tend to approach the
stagnation point from either of the planes of symmetry when
in the stagnation region and not along the same line as in the
preceding case. The opposite trend is also seen in the down-
stream region as the streamlines are much more evenly spaced
and tend to group away from the planes of symmetry.

Conclusions

As a result of the investigations described in this paper, the
following conclusions were drawn:

1) Previous problems of integrating the streamline equa-
tions through the nose point and in the stagnation region have
been eliminated by the use of Cartesian coordinates and time
as the independent variable of integration. The streamline that
passes through a particular downstream point can be com-
puted by this new technique. The use of time as the indepen-



78 HASSAN ET AL.: THREE-DIMENSIONAL STREAMLINES AND HEATING RATES

dent variable of integration magnifies the computational do-
main of the stagnation region and eliminates the need for
using small step sizes associated with a spatial integration to
achieve desired accuracy in the stagnation region.

2) The location of maximum heating is affected by the type
of conic section in the plane of symmetry and the angle of
attack. Cross-sectional ellipticity affects the level of the heat-
ing but has little or no effect on the location of maximum
heating. For the conic section parameter b, greater than unity,
maximum heating occurs aft of the stagnation point whereas
the point of maximum heating lies between the stagnation
point and the nose point for b, less than unity for cases at
angle of attack. However, maximum heating occurred at the
stagnation point for b, = 1.0.

3) The method developed herein can also be used in con-
junction with other codes which calculate surface pressures or
the inviscid flowfield.
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